arXiv: 1509.07971 v2 [math.AP] 1 Nov 2015 


CLASSIFICATION OF FINITE ENERGY SOLUTIONS 
TO THE FRACTIONAL LANE-EMDEN-FOWLER EQUATIONS 
WITH SLIGHTLY SUBCRITICAL EXPONENTS 

WOOCHEOL CHOI AND SEUNGHYEOK KIM 


Abstract. We study qualitative properties of solutions to the fractional Lane-Emden-Fowler equa¬ 
tions with slightly subcritical exponents where the associated fractional Laplacian is defined in 
terms of either the spectra of the Dirichlet Laplacian or the integral representation. As a conse¬ 
quence, we classify the asymptotic behavior of all finite energy solutions. Our method also provides 
a simple and unified approach to deal with the classical (local) Lane-Emden-Fowler equation for 
any dimension greater than 2. 
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1. Introduction 

Suppose that y e (0,1), N > 2s, p = and O is a smooth bounded domain. In this paper we 
are concerned with the asymptotic behavior of solutions to the nonlinear nonlocal elliptic problem 

'{-AYu = uP-^ in Q, 

< u > 0 in Q, (1.1) 

u = 0 on Z = dQ. or R'^ \ Q, 

when a small parameter e > 0 tends to zero. Here (-A)^ is understood as the spectral fractional 
Faplacian or the restricted fractional Faplacian according to the choice of the boundary Z = dQ. or 
R^ \ n, respectively (see Subsection 12. ll for the definition of the fractional Faplacians). 

Recently various nonlocal differential equations have attracted lots of researchers. Especially, 
equations involving the fractional Faplacian were treated extensively in both pure and applied 
mathematics, because not only the fractional Faplacian is an operator which naturally interpo¬ 
lates the classical Faplacian -A and the identity (-A)** = id, but also it appears in diverse areas 
including physics, biological modeling and mathematical finances, as a tool describing nonlocal 
characteristic. 
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Owing to technical difficulties arising from the nonlocality, there had not been enough progress 
in theory of equations involving the fractional Laplacian. However, about a decade ago, Caffarelli 
and Silvestre ifTSl interpreted the fractional Laplacian in in terms of a Dirichlet-Neumann type 
operator in the extended domain = {{x, t) e : t > 0}, and this idea allowed one to ana¬ 
lyze nonlocal problems by utilizing well-known arguments such as the mountain pass theorem, the 
moving plane method, the Moser iteration, monotonicity formulae, etc. A similar extension was 
also devised by Cabre-Tan |[T4l . and Stinga-Torrea Il58l (see Capella-Davila-Dupaigne-Sire Ifnll . 
Brandle-Colorado-de Pablo-Sanchez lITOl . Tan lICTI and Chang-Gonzalez |[T9l also) for nonlocal 
elliptic equations on bounded domains with zero Dirichlet boundary condition. 

Based on these extensions (or the integral representation of a differential operator itself), a lot 
of studies on nonlocal problems of the form (-A)^m = f{u) (for a certain function / : R — > R) 
were conducted. For the results of particular equations, we refer to papers on the Schrddinger 
equations 133] |29l l22l [3, the Allen-Cahn equations lT2l[T3l, the Fisher-KPP equations l8l [Til, 
the Nirenberg problem IIl[39ll3Ql, and the Yamabe problem 1^136112^1411 . respectively. Also, 
Brezis-Nirenberg type problems have been tackled in l60l l6l l27l. Most results mentioned here 
considered on the existence of solutions with some desired property. Meanwhile, several regularity 
results such as the Schauder estimate and the strong maximum principle were derived in lT4l l58l 
[T71[T2l[39l[T6l and references therein. 

Due to its simple form, the Lane-Emden-Fowler problem (11.11) has been regarded as one of 
the most fundamental nonlinear elliptic equations. It is now a classical fact that the exponent 
p = is a threshold on the existence of a solution to dEB- If e > 0, one can find a solution 
to (II.Ill by applying the standard variational argument with the compact embedding H\Q.) ^ 
Ife < 0 and Q is star-shaped, the Pohozaev identity (obtained in 1114116111 for the 
spectral Laplacians and in ll54]l for the restricted Laplacians) implies that no solution exists. In 
view of the corresponding result of Bahri-Coron 13 to the case s - 1, it is expected that (11.11) has 
a solution if the domain D has nontrivial topology. 

On the other hand, it is well-known that the Brezis-Nirenberg type problem 


{-AYu = uP + eu^ in Q, 


(1.2) 


u > 0 
u = 0 


in n, 

on E = 50 or R^ \ O, 


where N > 2s, 0 < q < p and e > 0 is a parameter, shares many common characteristics with 
(11.11) . Through the papers 1601 16115711711. it was determined that its solvability relies on e, p, q, N 
and O. 

Once the existence theory is settled, the very next step would be to obtain information on the 
shape of solutions. 

For equation (11.11) with general exponents on the nonlinearity, an answer of this question is 
provided by the moving plane argument. It yields that for any p - e > \ each solution to (11.11) 
increases along lines emanating from a boundary point to a certain interior point. It then induces 
symmetry of a solution from that of the domain O. We refer to 1T41 l52l IMTl for further discussion. 

On the other hand, it is natural to guess that if e ^ 0, then the solution may possess a singular 
behavior, since p = is the critical exponent. This idea intrigues one to investigate the shape 
of Me in detail for 6 > 0 small enough. In this regards, Choi-Kim-Lee |[25l and Davila-Lopez-Sire 
Il30ll constructed multiple blow-up solutions by applying the Lyapunov-Schmidt reduction method 
(refer to Theorem|A|below). When the fractional Laplacian is defined in terms of the spectra of the 
Dirichlet Laplacian, the authors of Il25]l also characterized the asymptotic behavior of a sequence 
{Me)f>o of minimal energy solutions to (11.11) and (11.21) (with q = 1). It turned out that m^ blows up 
at a single point which is a critical point of the Robin function of (-A)^. 

In this line of research, an important remaining problem is to study the asymptotic character 
of solutions {Me)f>o without the minimal energy condition. This is what we address in the current 
paper. Precisely, we shall give a detailed description for the asymptotic behavior of slW finite energy 
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solutions to (11.11) where the fractional Laplacian is either spectral or restricted one. We believe that 
the same phenomena should happen to finite energy solutions to (11.21) . 


Theorem 1.1. For any given s € (0,1) and N > 2s, suppose that there exists a sequence 
in FI such that each of the function Un solves equation (11.11) with e - €„ \ 0. In addition, assume 
ll^nll'H < +“■ Then one of the following holds: Up to a subsequence, either 

(1) the function Un converges strongly in H to a function v satisfying 

'{-Afv = vP in a, 

< V > 0 in Q., (1-3) 

u = 0 onl, = dQ. or \ O 

as n ^ oo, or 

(2) the asymptotic behavior of Un is given by 


m 



/=! 


(1.4) 


where dj, —> 0 and ^ € O as n —> oo. Here is the projected bubble defined after 

(12.181) and r„ is a remainder term converging to zero in FI. Furthermore the following properties 
are valid. 

- There is a constant Co > 0 independent o/ n € N such that -f < Cq holds for all n e N and 

'In 

i,j = 1, • • • ,m. 

- There is a constant do > 0 such that - xj^l > do for any n € N and i,j= 1, • • • ,m with i j. 

N~2s 

- Let bi - |lim„_»oo ^ j and bo - lim„_>oo(d/,)“^^“^^^e„. Then the value 

(((71, • • • , b,n), {xl • • • , ^)) C (0, oo)- X Q'” 


is a critical point of the function defined by 


' ' ' i -^1? ' ' ' ) -^m) “ ^1 


^ b]H{xi, Xi) - ^ bibkG{xi, Xk) 


Vi=i 


i*k 


-C2\og{bi---b,„)-bo, (1.5) 


where 


Cl 



w^^^dx > 0 


and C 2 


/ iV - 2s \ w'Cpdx 


(1.6) 


Here G : O x O —> R /s Green’s function of{-Ay, // : O x Q —> R /s its regular part, and wyo A 
the standard bubble on R^ given in (12.141) . (See Section 2 for more details.) 


Remark 1.2. As we mentioned, equation (11.11) may have a solution even for e < 0 if the topology 
of the domain is not simple (say, its homology group over Z/(2Z) is non-trivial). Hence the first 
case (1) of Theorem 11.11 cannot be excluded for general domains. 


If the blow-up points satisfy a certain non-degeneracy condition, then we can determine the 
blow-up rates in terms of an explicit power of as the following theorem shows. 

Theorem 1.3. Let be a sequence of solutions to (11.11) satisfying (2) of Theorem U. 1\ Let us 

set an m X m symmetric matrix M = (m,y)i<,- y<„j by 

{//(xji.xj)) ifi = f 

mij = 1 

\-G{x‘^,xlf) ifitj. 

Then it is nonnegative definite. If it is nondegenerate (i.e. positive definite), then for any I < i <m, 
we have 
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Recall that equation (11.11) has multi-bubble solutions as the following result indicates. 

Theorem A (Choi-Kim-Lee ll^ and Davila-Lopez-Sire 1301). Assume s e (0,1) and N > 2s. 
Given arbitrary m € N, suppose that the function in (11.51) with bo = (N - 2s)/4s has a stable 
critical set A,„ such that 

Am c {((di, • • • , Am), (xi, • • • , Xm)) € (0, oo)'” X O'" : Xi t Xj if i + j and i,j= 1, • • • , m}. 

Then there exist a point ((dg, • • • , d™), (Xq, ■ ■ ■ , x'^)) € Am and a small number cq > 0 such that for 
0 < e < eo, there is a family of solutions of (fTTT) which concentrate at each point x^, - ■ ■ ,Xq ^ 
and Ag <35 c —> 0 in the form (TTAb . after extracting a subsequence if necessary. 

The asymptotic behavior of solutions figured in Theorem 1 1.3 1 (2) corresponds exactly to the multi¬ 
peak solutions described in the above theorem. This reveals the accuracy and sharpness of our 
classification results. The question of finding a blow-up sequence of solufions nol satisfying (11.71) 
is open even for fhe local case 5=1. 

Before infroducing our sfrafegy for fhe proof of fhe classification resulfs, if is worfh fo remind 
fhaf problem (11.11) is a nonlocal version of fhe Lane-Emden-Fowler equation 

-Am = us-2 in Q, 

■ M > 0 in Q, (1.8) 

M = 0 on do.. 

In Il49l . Rey construcfed one-peak solufions fo (11.81) . Then mulfi-peak solufions were found by 
Bahri-Li-Rey Q, Rey lISTl and Musso-Pisfoia B71 (for A > 3) by differenf ways. Furthermore, 
fhe classificafion of solufions was conducfed in Han |[3S1 and Rey |H9]| for one-peak case (N > 3), 
and in Bahri-Fi-Rey Q and Rey lISTI for general case (A > 4 and A = 3, respecfively). 

Theorem B (Bahri-Fi-Rey Q and Rey lISTTl i. Assume that A > 3 and {M„)„gN c H^(Q.) is a 
sequence of solutions to (11.81) with c = £« \ 0. Also, suppose that sup„gjj < °°- 

(1) Passing to a subsequence, either u„ strongly converges to a solution u of (O) with s - or it 
has the asymptotic behavior (13 where is the projected bubble defined as 

—APwa,^ = w‘^^ in Q, and Pw^,^ = 0 on dO. 

is given in (12.141) ). Moreover, all characteristics of the concentration points • • • , x"') and 
rates {d*, • • • ,d“) in the statement of Theorem \1.1\ remain to hold. If the nonnegative matrix M 
defined in the statement of Theorem \1.3\ is in fact positive, then (fFTl) is valid. 

In llllSTl, a cerfain decomposition of fhe space Hq{Q.) is crucially used (see Remark [F4l (l) below), 
which produces large error in fhe lowesf dimension case A = 3. In fhis reason, improved esfimafes 
had fo be made additionally in lISTl . Remarkably, as we will see lafer, our proof for Theorems 
o and 1 1.3 1 provides a unified and neafer approach fo freaf fhis local sifuafion 5 = 1. Asa resulf, 
we have a new proof of Theorem |B] working for all dimensions A > 3 af fhe same time. See 
Subsection 16.21 

The framework of fhe proofs for our main fheorems comprises of fhe following fhree steps: 
Step 1. Concentration-compactness principle; 

Step 2. Pointwise bounds of m„ obtained from a moving sphere argument and their applications; 
Step 3. Two identities regarding Green’s function and the Robin function coming from a type of 
Green’s identity. 

Fet us briefly explain each sfep by assuming fhaf fhe specfral fraclional Faplacian is under 
consideration. 

In Step 1, we recall the concentration-compactness principle for problem (11.11) . This renowned 
principle is found by Struwe Il59l for equation (11.81) . and recently extended to problem (11.11) by 
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Almaraz 13 for 5 = and by Fang-Gonzalez |[32l and Palatucci-Pisante Il48l for all 0 < 5 < 1 (in 
slightly different setting). It makes possible to decompose solutions {unUeN of (11.11) as 

m 

u„ = vo + Y^ (f-9) 

i=l 

where vq is the “K-weak limit of {MnlnsN, y € “K is the projected bubble and r„ converges to 
zero in "K. See Lemma IT3 for the complete description of dj,, x‘^, vq, Pwa^ and r„. 

Now our task is reduced to getting further information on the sequence {unlneN whose elements 
are expressed as (11.91 ). which is one of the main contributions of this paper. We immediately 
encounter a difhculty, because we do not know at this moment even whether two different con¬ 
centration points x'„ and x^ may collide or not. This technicality will be tackled in Step 2, where 
we attain a pointwise bound of near each concentration point by employing the moving sphere 
method towards the extended problem (12.51) of equation (11.11) (see Section [3]). This allows us to 
deduce no coincidence of two different blow-up points and to obtain further valuable information 
on solutions such as the alternative between fq - 0 and m = 0, and compatibility of blow-up rates 
of all peaks (see SectionlU). This part is motivated by Schoen |[55l . 

Given the pointwise bound and its consequences derived in Step 2, we show in Step 3 that 
the L°°-normahzed sequence of the solutions converges to a combination of Green’s functions. 
Then inserting this information into a Green-type identity (15.31) will lead us to discover two iden¬ 
tities (15.41) and (15.1 II) regarding on the limit of the blow-up profile (T’, • • • , d™, • • • x™), which 

will complefe fhe proof of our main resulfs. On passing fo fhe limif, one needs fo know a uniform 
C^-esfimafe of fhe ^-harmonic exfensions of It is nol a frivial issue since we are handling 

fhe nonlocal problem (11.11) . or fhe associafe degenerafe local problem (12.51) wifh fhe weighfed 
Neumann boundary condifion. Appendix iBlis devofed fo deduce fhe desired regularify resulfs. 

The above sfrafegy exfends Han’s mefhod |[38]l in a quife nafural manner, while fhe argumenf in 
Bahri-Li-Rey Q and Rey ll5T]| can be regarded as furlher developmenfs of Rey Il49ll50ll . 

We conclude fhis secfion, presenfing some addifional remarks. 


Remark 1.4. (1) The corresponding resulf fo Step 3 for the local problem (11.81) was achieved in 
Bahii-Li-Rey Q and Rey lISTTl . The argument in ||5j|5ll requires one to estimate in terms 

of powers of en and maxi<i<m For this aim, the authors replaced YIJLi T i^ the expansion 
(fm of Un with j a'„Pw^i (for some a'„ € R) and then perturbed the parameters (aj,, dj,, xj,) 
so that r„ satisfies the //^(Qj-orthogonahty 


- \ r„, 


dPw 


x‘ 


dxj 


^ {r, 


hUQ.) 


dPw 


a} x' 


dA 


hAq) 


= 0 for 1 < / < m, 1 < 7 < A, 


as in Bahri-Coron After that, they followed the argument of Rey 11491 [50]l to get a sharp 
estimate WrnWn^ay Their argument is simplihed in our proof in the point that we do not need the 
estimate of the remainder term r„. 


(2) An advantage of the argument in 15] [HI is that it deals with the energy functional of (11.81) 
directly so that it suggests a way to compute the Morse index of the solutions. Recently, asymptotic 
behavior of the first {N + 2)m-eigenvalues and eigenfunctions for the linearized equation of (11.81) 
was examined in IIT71l26]l . They give the information on the Morse index as a particular corollary. 


The rest of this paper is organized as follows. In Section [3 we review the extension problem 
for the spectral and restricted fractional Laplacians, Green’s function, the Robin function and the 
projected bubbles. Moreover, we recall the concentration-compactness principle which brings with 
a decomposition result of blow-up solutions. Section[3]is devoted to the proof of a pointwise upper 
bound which makes use of a moving sphere argument. In Section |4j by using this estimate, we 
attain various refined information for the blow-up solutions, and in paiticular, show that suitably 
normalized blow-up solutions converge to combinations of Green’s functions. In Section |5j we 
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obtain essential information of the blow-up points and their blow-up rates by using a Green-type 
identity, which proves our main results. For the sake of brevity, we concentrate only on the spectral 
fractional Laplacian in Sections [3]l5] Instead, all necessary modifications to deal with the restricted 
fractional Laplacian or the classical (local) Laplacian are listed in Section Finally, a decay 
estimate of the standard bubble (see Subsection l2.4l) needed in Section|2]and elliptic regulaiity 
results necessary for Lemma 1431 are derived in Appendices |3] and |Bj respectively. 

Notations. 


- The letter z represents a variable in the half-space x (0, oo). Also, it is written as 

z = {x,t) = {xi, - ■ ■ , xn, xn+i) with X = {xi, - ■ ■ , x^) € and t = xj^+i > 0. 


- For any fixed smooth bounded domain Q c R^, let C := (0, oo) c be the associated 

cylinder of O and diC := dQ. x (0, oo) its lateral boundary. Set also C' Q.X [0, oo). 


- For fixed A e N and s e (0,1) such thaf N > 2s, the weighted Sobolev space D^’"^(R^ 
defined as the completion of the space C“(R^^‘'‘') with respect to the norm 

, 1/2 _ 


is 


\\U\\oU2 




t^-^^IV[/(zfdz 


for [/ € C 




)■ 


Moreover, for any given cylinder C = Q x (0, oo) (where O is a smooth bounded domain), the 
space is the completion of C“(C U (G x {0})) with respect to the above norm. 

- We will denote by p the critical exponent 

- Let B^'''^{{x, 0), r) be the half-ball in R^’^^ of radius r centered at (x, 0) e R'^ x (0). Moreover, 

we set r) - dB^'^^{0, r) n 


- dS stands for the surface measure. Also, a subscript attached to dS (such as dS x or dS^) denotes 
the variable of the surface. 


- For an arbitrary domain D c R”, the map v = (vi, • • • , y„) : dD —> R" denotes the outward unit 
normal vector on dD. 


- Suppose that D is a domain and T c dD. If / is a function on D, then the trace of / on T is 
denoted by trlr/ whenever it is well-defined. 

- - 27r^^^/F(A/2) denofes fhe Lebesgue measure of (A - l)-dimensional unif sphere 5^“^ 

- The following positive constants will appear in (12.11) . (12.31) . (12.41) . (12.91) . (12.141) and (12.151) : 


Cn.s • — 


22^sF(^) 
;r^F(l - s) 




F(^) 


N-2s 

(Xns '■= 2 2 


21-2^f(1 - s) 

f(^) 


, PN,s 


r(^) 

7r^F(5) 


■, 7n,s 


1 2'-2t(^) 

|S"-n F(f)F(s) 


N-2.S 
\\ 4.S 


and Sn « 2 V 2 


C > 0 is a generic value that may vary from line to line. 




f(^) 


r(A) 

vr(f), 


2. Preliminaries on Fractional Laplacians 

In this section we review some preliminary notions and results which will be needed throughout 
the proofs of the main theorems. 
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2.1. Definition of Sobolev Spaces and Fractional Laplacians. For any smooth bounded do¬ 
main n, let be a sequence of the eigenvalues and the corresponding L^(Q)-normalized 

eigenvectors of the Dirichlet Laplacian -A in O, 

i -l^(pk = Ak(pk in and (pk - ^ on dQ., 

- 1 

where 0 < di < A 2 < < ■ ■ ■. Introduce a space 

( 00 00 

n = g UiPi € L\n) : g ofA^^ < ooi. 

Then the spectral Laplacian is defined as 

00 00 

{-AYu - ^ ai^A(pi for any « = ^ ai<Pi e 

It is known that 


1=1 


r=I 


- {« = trbxioit/ : u € = 


//"(O) for0<5<l/2, 

for 5 -1/2, 

m{Q.) for 1/2 < 5 < 1 


where H\Q.) is the usual fractional Sobolev space, Hq{Q.) is the closure of C“(Q) with respect to 
the Sobolev norm || • Hr/yo) and 

u{xY 




'00 


1 / 2 . 


r u{x] 
■ Jq dist(.r. 


dQ) 


dx < 00 


(refer to HSl). 

On the other hand, for any 5 € (0,1) and u € we are capable of defining the fractional 

Laplacian by using the integral representation 

u{x) - u{y) 


{-Ayu{x) = CN,s^N. 


■f 

JR^ 


-dy. 


(2.1) 


|A-I/r+2.v 

Here the exact value of c^^s > 0 (as well as other constants such as Ks or p^^s below) can be found 
at the last part of the previous section. If this operator is restricted to functions in Hq{Q), then it is 
called the restricted fractional Laplacian. 

To compare two different fractional Laplacians, the reader is advised to check the papers 


We set 


•K = 


I'V^Q) if the spectral fractional Laplacian is concerned, 
l///(n) if the restricted fractional Laplacian is concerned. 


( 2 . 2 ) 


Remark 2.1. At the first glance, the boundary condition of (11.11) . that is, n - 0 in dQ for 0 < 5 < 
1/2 may be ambiguous because Hq(Q) = HfQ). However, elliptic regularity guarantees that u is 
bounded, so the representation formula makes sense. It is continuous up to the boundary and has 
zero boundary values. 

2.2. Localization of Fractional Laplacians. For a fixed function u € 'T'^(Q) (or H^M.^)), let 


us set U € t 

namely, a unique solution of the equation 


^I-2i 


) (or Db2(R^+i; respectively) to be the ^-harmonic extension of u, 


diy{f-^^VU) = 0 inC (or: 


sA+l 


), 


u = o 

U(-,0) - u 


on diC (or 5z.R™+‘ = 0), 


on Q (or R^). 
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Then by the celebrated results of Caffarelli-Silvestre |[T5l (for the Euclidean space R^) and Cabre- 
Tan Ifrill (for bounded domains Q, see also lIS^fTTUMl l. it holds that 

O T T 

{-AYuix) - dtU{x) := -Ks lim Y~^^-—{x, t) for € Q (or R^). (2.3) 

1^0+ dt 

Moreover, if n € then the Poisson representation formula gives that 

f 

U{x,t) = pN,s -;- —u{y)dy (2.4) 

{\x - i /|2 + 

while for u € 'VYQ.) it is possible to describe U in terms of a series (refer to IfTTlH . 


As a result, if the spectral fractional Laplacian is concerned, then the ^-harmonic extension 
f/f € of a solution € '>’■'(0) to problem (11.11) satisfies 


'div(t^-2^Vf/,) - 0 inC, 

-0 on dtC, 

Uf; - on Q X {0}, 

on Q X {0}. 


In light of the Sobolev inequality (12.151) . we see 






= m. 


||P+I-6 

"L'’+>-qn) 


< C||u,|i 


p+l-e 


(2.5) 


( 2 . 6 ) 


Therefore if we have sup^^Q llwelln^yn) < +°°, then sup^^g < +“■ Moreover, by the 

strong maximum principle ( iFT^ Corollary 4.12] or OTl Lemma 2.7]), it holds that f/e > 0 in C. 

A similar (and in fact simpler) formulation is available when the restricted fractional Laplacian 
is studied. In this case, the equation we have to consider is 


'div(t^-2'Wf/,) - 0 inR^+i, 

1/^ = 0 on (R^ \ Q) X (0), 

Ue = Ue on Q X {0}, 

- nr" on Q X {0}. 


2.3. Green’s Functions of Fractional Laplacians. In this subsection, we review Green’s func¬ 
tions. 


We consider first the case when the fractional Laplacian is defined in terms of the spectra of the 
Laplacian. We refer to |[25l for more details. 

Let G be Green’s function of the the spectral fractional Laplacian (-A)^ on a smooth bounded 
domain Q with the zero Dirichlet boundary condition. Then it can be regarded as the trace of 
Green’s function Gq = Gciz, x){z €C,x € Q.) for the Dirichlet-Neumann problem on the extended 
domain C which satisfies 

div(r*“2.svGc(-, x)) = 0 in C, 

■Gc(-,x)-0 on^iC, (2.8) 

dlGc(.;x) = 6, onQx{0) 

where dx is fhe Dirac delfa function on R" with center at x € Q. 

Green’s function Gc on the half-cylinder C can be decomposed into the singular and regular 
parts. The singular part is given by Green’s function 

on the half-space satisfying 

jdiv t), y)) ^0 in R^^+^ 

((x, 0), y) - 6y{x) on R^ = 


( 2 . 10 ) 
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for each y € The regular part is given as the function Hq : C ^ R which solves 

div t), y)) = 0 in C, 

^ »” AC, (2.11) 

dlHciix, 0), y) ^0 on a X {0} 

for any y € Q.. Its existence can be verified in a variational method (see Lemma 2.2 in |[25l l. We 
then have 

Gciix, f), y) = Gj^jv+i {{x, t), y) - Hc{{x, t), y). 

Now, letting H{x, y) = Hci{x, 0), y), we can decompose G{x, y) - Gdix, 0), y) as follows. 

Let us recall some regularity properties of the function H. For any index or € (N U {0})^, the 
paiTial derivatives d“Hc of Hq in the x-variable always exist (see Lemma IbTT] and Section 2 of 
ll25l l. In addition, it follows from (12.111) that 

jdiv 0, y)) ^0 in C, 

\dld"Hc{{x,0ly) = 0 onOxlO). 

Therefore, by applying ifT^ Lemma 4.5] to each d"Hc, we see that there is a constant C = 
C(a, r,^) > 0 such that 

\d‘iHc{{x,t),y)\<C (2.12) 

and 

Y-^^dtd‘lHc{{x,t),y)\<C (2.13) 

for all (x, t) € 0), r) provided that ^ € O and r > 0 satisfy the condition r < dist(^, dQ.). 

When the restricted fractional Laplacian is dealt with, we observe that the above discussion is 
still valid once we let C = and substitute the boundary conditions in (12.81) and (12.111) with 

Gc{-,x)^0 on ObC and Hc{{x,t),y) = - - . ondsC 

\{x - y, or 

respectively, where dsC := (R^ \ Q) x {0). (The function Gq in this paragraph should not be 
confused with the fundamental solution G^n+i in (12.91) . 1 


2.4. Sharp Sobolev and Trace Inequalities. Given any T > 0 and ^ e R^, let w,\,^ be the bubble 
defined by 

^ 0!n,s 1 ^2 + ^ ^ 


Then it is true that 


r r \{-Ay>^ufdx 

.Jr'v / \Jra' , 


(2.15) 


and the equality holds if and only if u{x) = cwa^x) for any c > 0, 4 > 0 and ^ € R^ (refer to 
im [m [Ml)- Furthermore, it was shown in EOl l42l |44]| that if a suitable decay assumption is 
imposed, then {wa,^ : 4 > 0, ^ € R^j is the set of all solutions for the problem 

{-AYu = d, u > 0 in R^ and lim u{x) = 0. 

|x|—>0O 


Denote also the 5-harmonic extension of wa,^ by Wa,^ € Df^(R+‘'‘r ^ ^^) so that Wa^^ solves 

|div(t*“^'*W 2 _^(x, 0) = 0 in 
1 0) = wa^x) on R^. 


(2.16) 
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It follows that for the Sobolev trace inequality 
\U{x,0)f^^dx 


f 

Jra 


1 

p+i 


< r f 

\Jo Jr^ 


^^\VU{x, t)f'dxdt 


(2.17) 


the two sides are equal if and only if U(x, t) = cWa^^{x, t) for any c > 0, d > 0 and ^ e 


■sN 


2.5. Concentration-Compactness Principle. Firstly, we treat the spectral fractional Laplacian 
case. Let stand for the projection of the bubble into H^’ (C; t ), that is, the solution 

of 

= 0 in C, 

<PWa,^ = 0 ondtC, (2.18) 

d^pPWA,^ - d^,WA,^ = on Q X (0), 

and Pwa,^ = tr|nx| 0 |PW^i,f- By the maximum principle Il25l Lemma 2.1], we have 0 < PWa,^ < 
Wa,^ in C. Also Lemma C.l] says that 

PWa,^{z) = Wa,^{z) - ciA^Hiz, 0-) + o(d^) (2.19) 

uniformly for z € C where ci > 0 is the number appeared in (11.51) . 

The following result is a fractional version of Struwe Il59l . 


Lemma 2.2. Let {U„}nen be a sequence of solutions to (12.51) with e = \ 0 which satisfies 

the norm condition sup^gjj < oo- Then there exist an integer m € N U {0} and a 

sequence {(djj, x],))„gN ^ (0^ “) x Q of positive numbers and points for each i = 1, • • • ,tn such that 


Rn := Un 


Vo + y, PW^ l^Oin as n ^ oo 


1=1 


(up to a subsequence) where Vq is the weak limit ofU„ in P which satisfies 

'div(i‘-2^VFo) - 0 in C, 

To - 0 on OlC, 




dtVo = V 


N+2s 

N-2s 


on Q.X (0). 


In addition, it holds that 


— dist(xj,, 50) —> oo and -r H r H-^—r |xjj - xif 




44 


CX3 as n ^ OO 


for all 1 < 7 < m. 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


Proof See Q and |[32]| where an analogous conclusion is deduced in the setting of asymptotically 
hyperbolic manifolds. Since their approach still works for our case, we omit the proof. □ 


Let VO ^ trbxioiV'o and r„ ^ trbx| 0 |^«- 

Extracting a subsequence of {U„}nett and reordering the indices if necessary, we may assume 
that _ 

a}, < < ■ ■ ■ < A’f for all n e N and xj, —> Xq € O as n ^ oo. (2.23) 

Using the Kelvin transform and the moving plane argument, Choi |[23l Lemma 4.1] proved that 
{f7„)„gN are uniformly bounded near the boundary dQ. x [0, oo). That is, there exists constants d > 0 
and C > 0 such that 

sup sup \Un{x,t)\<C. 

neM K^,06C:dist(x,5n)<5| 

Hence 

dist(xQ, dQ.) >6 for i = I, - ■■ ,m. (2.24) 

For the restricted fractional Laplacian, we define PWa,^ by (12.181) whose second line is replaced 
with PWa,^ = 0 in \ Q. Then it is not hard to draw analogous results to Lemma l2Gl (cf. HSlH 
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and (I2.19I) . Besides one can check that (12.241) still holds as follows: If the domain O is strictly 
convex, we apply the moving plane method with the maximum principle for small domains (given 
in l|53l Lemma 5.1]), getting 

sup sup \un{x)\ < C. (2.25) 

rt€N dist(x,5n)<i5 

In the case that O does not have the convexity assumption, we first use the conformal invariance of 
equation (11.11) (refer to ll52l Proposition A.l]) and then employ the moving plane method to obtain 
(12.251) . Now combining (12.201) and (12.251) gives (12.241) at once. See ll^ Section 2] to recall the 
argument used for the local case 5=1. 

In the next two sections, further information on blow-up rates {4],)™ j and points {xj,}™ j in the 
decomposition (12.201) will be examined. In what follows, we simply denote w\fl and ILi,o by w 
and W, respectively. Since W = W{x,t) is radially symmetric in the x-variable, we will often 
write W(x, t) = W{p, t) where p - |x|. In addition, the operator (-A)** is understood as the spectral 
fractional Laplacian (and hence E = 50 in equation (11.11) ) in Sections [3l |4] and |5] Consideration 
on the restricted fractional Laplacian is postponed to Section!^ 

3. Moving Sphere Argument and Pointwise Upper Bound 

The aim of this section is to obtain a sharp pointwise upper bound of solutions to (12.51) . To 
this end, we will employ the method of moving spheres (refer to |[55ll2ni43]| ). 

Proposition 3.1. Let ro > 0 be any fixed small number. Assume that {Mf}£>o is a family of positive 
numbers such that lim£_^oo = oo and lim^^oo = 1. If a family {Ue}e>o of positive functions 
which satisfy 


div{t^- 

-2^VP,) = 0 

in B^(0, roM^J x (0, oo), 


11 

<>1 >. 

, yP-^ 

on 

(3.1) 

IIV.II 

1 / 2 \ 

\ - ^ 


L“ 


) 



for some c > 0, and 

Pf ^ IT weakly in a5 e ^ 0, (3.2) 

then there are constants C > 0 and 0 < do < ^0 independent of e> 0 such that 

Vfiz) < CW{z) for all z € ). 

For the proof of the above proposition, we make some remarks. 

Remark 3.2. (1) By (13.11) . (13.21) and the Holder regularity due to Cabre-Sire |[T2]| . if a constant 
> 0 and a compact set K c are given, then there exist > 0 small and a € (0,1) such 
that 

\We-W\\c>^(K)<Ci for6e(0,6i). (3.3) 

(2) For any function F in let F'^ be its Kelvin transform of defined as 

^’(z)-(^) F{z^) wherez":= (3.4) 

If we write - V^, then it holds that 

/ , PN-2s)e 

dlDi = vr - j > vr - D'l for |x| > 4 and t = 0 

p-e 

—(x,0) if P,(x,0) ^ P^(x,0), 

■"(x,0) ifP,(x,0) = P,^(x,0). 


fe{x) = - 






{p - 6)pr'' 


where 
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(3) For each R > 0 , let us introduce Green’s function of the spectral fractional Laplacian (-A)^ 
in n = R) with zero Dirichlet boundary condition and Green’s function of equation (12.81) 
in the cylinder C = R) x (0, oo). By the scaling invariance, we have 

and 

Gciix, t), y) = -^^G}; ((^’ ^) ’ I) for ^^(0’ and t > 0. 

Thus we can decompose Green’s function in B^( 0 , R) into its singular part and regular pait as 
follows: 


G^((x,t),y) = 


yN,s 


1 


' ^\\r R> R 


foTx,yeB^{ 0 ,R), t> 0 . (3.5) 


\ix - y, 01^-2^ ^ ’ 

The precise value of the normalizing constant y,, is given in Notations. 

As a preliminary step, we prove the minimum of on any half-sphere {z € : |z| = rj is 


2 

controlled by the value W{r, 0) whenever r is at most of order and e > 0 is small enough. 


Lemma 3.3. Let {Fe}e>o be the family in the statement of Proposition 1X71 Then, for any ^2 > 0, 
there exist small constants 61 € (0, ro) and 62 > 0 such that 


min Ff(z) < (1 - 1 - ^2)W{r,0) for any 0 < r < SiMf and e € (0, 62 ). (3.6) 

IzeRj'+'iIzNrl 


Proof The proof is divided into 3 steps. 


Step 1. We assert that for any parameter 0 < T < 1, there exists a large number R = R{A) > 0 such 
that 

(W - W^2^o)iz) >0 for T < |z| < R. (3.7) 

A direct computation with (12.141) shows that w'^(x) = wx 2 q{x) for any T > 0 and v € R^. By lOTl 
Proposition 2.6] and the uniqueness of the 5-harmonic extension, it follows that W'^ = Wyi Q in 
Hence (13.41) and (lA. II) imply that 


div(ti-2W(W - W22 _o)) - 0 
(W-W22,o)(z)-(W-W^)( z) = 0 
{W-W,2^o){z)>0 

(W - W,2fl){x, 0) = {w- w,2fl){x) > 0 


inR^'+i, 

on |z| = A and ? > 0, 
on |z| = R and t > 0, 
on 4 < |x| < 7? 


for some R > 0 large. Now the (classical) strong maximum principle justifies our claim (13.71) . 
We also notice that 


W{x, t) < w(x) < 10(0) = for (x, t) € 


(3.8) 


where > 0 is given in Notations. 

Step 2 . From the definition ( 13 . 41 ) we have 




N-2s 


V. 


kP 


By (13.31) and (13.81) . there are values 771 > 0 small and Rq > 0 large such that 


(3.9) 


V^(z) ^ (1 + j) for any 0 < 4 < 1 + m and |x| < Ro, (3.10) 

provided e > 0 small enough. Let us take 4i = 1 - 771 and 42 = 1 -t 771 . Thanks to estimates (13.31) 
and (13.71) . it is possible to select numbers 772 > 0 small and Ri > Rq large such that 

Di' (z) - V,(z) - (z)>0 for 4 i < kl < 7 ?i, 

(z) < (1 - 2772) for kl > 


(3.11) 
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and 


r 

Js'' 


for any sufficiently small e > 0. 
Furthermore, we also have 


vr(x,o)dx>(i-'^ 


uf{x) dx 


(3.12) 


v,{z) > (1 - m) aN,s for Ri < kl < (3.13) 

if di > 0 is small enough. To verify it, let us choose a function t)f which solves 

i-Afv, = vr"{-, 0) in S^(o, roMf^) and D, = 0 on dB^[o, roM^^), 


_ 2 

and denote by its ^-harmonic extension to the cylinder B^(0, ) x (0, oo). Then the 

comparison principle ll^ Lemma 2.1] tells us that > V^. Since H^iz, y) is bounded in {(z, y) € 
X R^ : kl> \y\ ^ 1/2), we obtain 

H^iix, t), ?/) < Y • u -“ 

4 \{x-y,t)r ffi 

by making 6\ € (0, tq) smaller if necessary. Moreover, because 

\{x - y, 01 < |l - yj \{x, 01 for \{x, t)\ > IR\ and \y\ < /?i 
given any large I > 1, we see from (13.51) . (13.121) and (13.141) that 


(3.14) 


V,{x,t) = 


, 0 = f 

Jb 


B'^(o,roMj^) 


vriy,0)G, 


2 

fN-2s 


.11-1 


c 

p-e. 


{{x, 0, y) dy 
7n,s 


S'V(o,5,Mi^ ) \{x - y, or 


dy 


‘i-W, 


B"(0,Ri) 


F' {y, 0) dy 


yN,s 


i(x,or 


-Is 


(3.15) 


^(i~^2)( r w^{y)d^ — 

' URiv l\{x,t)\^ 


= (1 - m) 


0!N,s 


t^\N-2s 
for//?i < |(x,0l < SiM, 


2 

N-2s 


i(x,or-2^ 

by choosing I large enough. If Ri < kl ^ IRu we have V^iz) > (1 - m)o!N,s\z\ for e > 0 

small, for F^ converges to IF uniformly over a compact set. This shows the validity of (13.131) . 

Step 3. Suppose that (13.61) does not hold with di > 0 chosen in the previous step. Then 


min F,,(z)>(l+^ 2 )W^(r^, 0 ) 

|z6R)'+‘:|z|=rU 

2 

for some sequences {cjtlteN and of positive numbers such that ejt —> 0 and € (0, 

Because of (13.31) . it should hold that oo. Thus Lemma lAT) implies 

min Fa:(z) > (l + (3.16) 

where Vu Vet.- 

Now we employ the method of moving spheres to the function D'^ (see Remark lT2] (21 for its 
definition). For any k e N and/r € [Ti,/I 2 ], let 

- {x € ip": < kl < n] 
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and define a number Ak by 

Ak - sup |/f € [di, A 2 ] : Z)^(z) > 0 in for all di < /r < dj. 

By (13.111) and (13.131) . we see that \> A\. We shall show that d^ = A 2 for sufficiently large ^ € N. 

To the contrary, assume that Ak < ^2 for some large fixed index ^ € N. By continuity it holds 
that > 0 in Moreover, from (13.161) and (13.101) . we have > 0 on {z € : |z| = Ci), 

which implies that 7 ^ 0 in Thus it holds that > 0 in thanks to the strong maximum 
principle. Pick d > 0 small so that the maximum principle for domains with small volume OTl 
Lemma 2.8] can be applied. If we choose a compact set K c such that \ < d, then 

inf/fD^** > 0 , and then by continuity again, for d e {Ak, A 2 ) sufficiently close to Ak we have 

irl\KI<6 and infD^>0. 

K 

Then we see from on Lemma 2.8] that > 0, contradicting the maximality of Ak. Consequently, 
it should hold that d = d 2 . 

Finally, taking a limit k ^ 00 to > 0 in we get 

W{z)>W^\z) in|z|>d 2 . 

However it is impossible since d 2 > 1. Therefore (13.61) should be true. □ 

We now complete the proof of Proposition 13. II 


Lemma 3.4. Let {Fe)e>o be the family in the statement of Proposition\3A\and di > 0 the number 
selected in the proof of the previous lemma. Then there exist a constant C > 0 and small parameter 
do € (0, di) such that 

V,{z) < CW{z) for all z e 
provided that e > 0 is sufficiently small. 

Proof. By virtue of Lemmas 13.31 and lAdl we have a point zo = ( 2 Co,to) € such that |zol - 
d 2 M"“^' and 

F,(zo) < (1 + ^ 2 )W(kol, 0 ) < (1 + 2 ^ 2 )ajv,s 

for any small d 2 e (0, di). Let be Green’s function of (12.81) in the semi-infinite cylinder 

2 

C = B^(0, X (0, 00 ) (refer to Remark im 1311. Then we are able to choose a constant 

d 3 € (0, d 2 ) SO small that 


v.(zo)> r 

Jb 

> (1 - ^2)yN, 


2 fy,0)G*{zo,y)dy 


X 


1 


, ^vr(y,0)— 

e'V(0,<52M"-2s) |(xo - y, fo)l 




Jb 
j ah 

X 


2 Ff \y,0)dy 

as in (13.151) . Combining the above two estimates with (13.121) . we obtain 


, ^ vr{y,0)dy<c^2. 

Since is uniformly bounded, we observe from (13.171) that 


X 


, 2 


vr\y,0)dy<c^2. 


(3.17) 


(3.18) 


Now let us define K.eU) - r 2 ' Pe(rz) on the half-annulus {z € R^"''* : 1/2 < kl ^ 2} for each 
2 

2Ri < r < 62,171 /2 and e > 0 small. Then one can apply the Moser iteration method with (13.181) 
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(refer to |[25l ') to deduce that it is uniformly bounded in {z € : 3/4 < |z| < 3/2), r and e. As a 

result, the Harnack inequality ifT^ Lemma 4.9] yields 

sup K,e(z) < c inf Vr,e(z) 

| 26 RJ'+‘ :3/4<1z|< 3/2| k€R~+‘ :3/4<k|<3/2| 

where C > 0 is a universal constant. This inequality with Lemma 13.31 and (13.31) concludes the 
proof of the lemma (giving do - 3d3/4). □ 

The following assertion is an immediate consequence of Proposition 13.11 
Corollary 3.5, Fix any xq € R^ and small xq > 0. Let {(7e)e>o be a family of positive solutions to 
div(t^“^^V(7e) = 0 in B^{xo, tq ) x (0, oo), 

.dlU, = Ur onB^ixo,ro), 

J|f^ellL”(R'/+‘((.to,0),ro)) “ ' 

for a certain constant c > 0 independent of e and a family of positive values such that 

N-2s 

lime_+oo Mf; = oo and limf_^oo = 1. Suppose that the rescaled function ^ Lfe{M~^ ■ +(;ro> 0)) 
converges weakly to the function W in t^~^^). Then we have 

U,{z) < CM^ W{M,(z - {xo, 0))) for all z € ((;co, 0), do) 

for some do e (0, ro) and C > 0 independent of e. 


4. Application of the Pointwise Upper Estimate 

In this section, we gather refined information on finite energy solutions Ue to equation (12.51) . 
More precisely, we first show that Vq vanishes identically if m 0 in (12.201) . Then we prove that 
any two different blow-up points do not collide and blow-up rates of each bubbles are compatible 
to the others. Finally, we get sharp pointwise upper bounds of Ue over the whole cylinder C, and 
deduce that a suitable L°°-normalization of Uf converges to a certain function as c \ 0, which can 
be described as a combination of Green’s function. 

Recall from (12.201) . (12.231) and (12.241) that 

m 

Un = Vo + Yj + Rn in C' (4.1) 

i=l 

and Xq = lim„^oo x'„ € Q. for each i = 1, • • • ,>n. We also remind with (12.221) that the concentration 
rate A‘„ on each blow-up part tends to 0 as n —> cxj. The next lemma ensures that this convergence 
is not too fast. 


Lemma 4.1. Let {U„}nen be a sequence of solutions to (12.5b with e - \ 0, which admits a 

decomposition of the form (lO) . Then we have lim„_»oo(d),)''" = \ for each I < i < m. 


Proof Fix any / € {1, • • • ,m}. Multiplying (12.5b by PW;^i y, integrating by parts and using (12.16b . 
we get the equality 

f 

JC2 

Fet us estimate the leftmost and rightmost sides of (14.2b . By making use of (14.1b . (12.22b . the mean 
value theorem, and the fact that vq is bounded on Gx (0) and lim„_^oo = 0, we obtain 




Pwii J dx = K. 

A„,X„ 


/'■ 


■2s 


VUn ■ VPlTii ^dxdt = 


r 

Jn 


UnW^- -dx. 


(4.2) 


r \{ur" - (Pin,. 

%J 12 


dx 


Z P^aU + + g 

j*i 




Pw^i y dx = o(l). 
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Hence it holds 


r uP ^"Pw^,^^^,dx= f ^'’dx + o(l). 

Jn Jn 

Moreover, it is easy to check that 

r (Pwj, y r (Pwio)P'^^~""dx 

Jn J4(^-x-„) 

f Va + 0 ( 1 )] . 

\Jr" / 


(4.3) 


(4.4) 


Similarly, one may show that 


I u„wP/ ■dx= I wP'''^dx + o(l). 
Jn Jr" 


Inserting (14.31) . (14.41) and (14.51) into (14.21) . we conclude that lim„_>oo(45,)'^" 
proved. 


(4.5) 

1. The lemma is 
□ 


In the following, we give the proof of several claims stated in the beginning of this section, 
applying the previous lemma. 

Lemma 4.2. Let {U„}„eiq be a sequence of solutions of (12.51) with e = €„ which admits an as¬ 
ymptotic behavior (IQ) . Suppose that there exists at least one bubble in (lO) . Le., m 0. Then 
Vo = 0. 


Proof Firstly, we aim to show that 


Uniz) < C{X\r 


uniformly for any z € C and n € N. 


(4.6) 


‘ ' « iV""2 5 1 11 

To do so, we consider the function f/„(z) (A„)^~ Un(A„z) defined in C„ := (/l„)“^C. One can 

easily observe that it satisfies 


^div(J-^^VU„) = 0 

Un=0 


inC„, 
on diCn, 


dlUn = (4/,)^ Ur on £L„ x {0} 


where ■= (Aj,) ^O. Also it is plain to check 


sup 




^ -2stjr7TT ^ m 2 

n€N JC„ 

Owing to Holder’s inequality, it holds that 


\VU„{x,t)fdxdt < C and sup I \Un(x,0)\^-2^dx < C. 


(4.7) 


sup 


f 

Jb^ 


\Un{x,0)fdx < C 


nsN JB^{y,ro)rin„ 

for any y € O,, and a small value ro > 0 to be fixed soon. Combining this with the first estimate of 
(14.71) yields 


f 

Jsi 


sup 

neN JB"+'((l/,0),ro)nC, 


J~^^IU„(x, tfdxdt < C 


(4.8) 


(see the proof of Il24l Lemma 3.1]). Let d > 0 be the number in Lemma I bTT] Then, from (12.231) . 
(14.11) and the fact that 


lim r 

Jn„ 


(Al)^R,(Alx,0) 


IN 

N-2s 


dx = 0, 


it is possible to choose ro > 0 small enough so that 


L 


sup 

neN J B^(y,r())nQ.fi 


\Un{x, 0)1 "-2'< 6. 
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_ _ -i (A^—1 _^ 

Therefore, by invoking Lemma IB. ll with a = (/l„) 2 U„ and f - 0,we may conclude that 
sup ||L„||z,»(BiV(y^rQ/ 2 )nn„) < c sup I t^~^'\Unix, t)f-dxdt < C 

men nsN JBy+'((yh),ro)nC,. 

where the last inequality is due to (I4.8I) . Since y € O,, is chosen arbitrarily and f/„ attains its 
maximum on x {0), it follows 


sup sup Unix, t) = sup sup Unix, 0) < C. 

«6N (x,t)eCn «eN xEfl,, 

This proves (I4.6I) . 

Now, by virtue of (14.61) . Corollary [33] and Lemma [431 we obtain 


Uniz) < C(d^)- 


- iXn,0) 


— tv 


Ai 


forallzeS^'+i((4,0),do), 


(4.9) 


which implies 

lim U„iz) ^ 0 for any z € 0), do/2) \ {(aq,0)}. 

n—^oo 

Since /?„(•, 0) ^ 0 in L'^/O), there exists a point x' € B^ixQ,6Ql2) \ {x^, ■ ■ ■ ,x^} such that 
lim„_,oo Rnix',0) = 0. Furthermore, we know from (14.11) that Unix, 0) > Fo(-^> 0) + Rnix, 0) for all 
X e Q., so it should hold that Fo(■^^ 0) - 0- 

On the other hand, each U„ and its weak limit Vq are nonnegative in C. Therefore one concludes 
from the strong maximum principle that Vq = 0- 


In Lemmas I4.3II4.61 we are mainly interested on the case m 0. In this case, solutions Un to 
(12.51) with the asymptotic behavior (14.11) can be rewritten in the form 

m 

Un = Yj in C' (4.10) 

1=1 


where lim„^co = 0. 

Lemma 4.3. Assume that a sequence {Un}nen of solutions to (12.51) with e = Cn has the asymptotic 
behavior given by Lemma \2?2\ with ni > 1. Then there exists a constant do > 0 such that 

\xq - Xq\ > do for any I < i < j < m. (4.11) 

Proof Assume that two different blow-up points converge to the same point x' € Q. By (12.221) 
and (12.231) . one of the following holds: 


(1) lim i = 0 or (2) lim 

n—^oo ftj n—*oc 

/ly. 


J\2 


44 


Suppose that (1) holds. Then by (12.231) it should be true that 

n-^oo 


= oo. 


(4.12) 


We shall prove that it cannot happen. By Corollary 13.51 we have an upper bound (14.91) . Further¬ 
more, we can find a lower bound 


Uniz) > CiA'f)^ for all z e B^*\ix', 0), do) (4.13) 

where do > 0 is a number in (14.91 ) (taken smaller if required). Indeed, by (12.191 ). (12.201) . (12.221) and 
Lemma l4~2l we have 


iAf)^Un iAfy + 4!)^ for a.e. y e 
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Thus Green’s representation formula, Patou’s lemma and Lemma ITT] show 


Uniz) > 


f 


Jb^(x^,So) 

- c(t;) 


Gc(z, x) u„ " (x) dx> C 




X 


I (x) dx 


B^(Q,6olXX) 


(T™) ^ Un{A”^y + ^”) 


p-e„ 


dy 


(4.14) 


>C( r uf{y)dy + o{l)]iA':)^, 

JR' 


which confirms (14.131) . Now fixing any poinf z* € such fhaf |z* - {x', 0)| = do/2 and puffing if 
info (14.91) and (14.131) . we discover fhaf < C(AI)^^ for some C > 0, confradicfing (14.121) . 

Therefore (1) is false and we may assume fhaf 


A‘ 

lim —7 = Co for some co e (0,1]. 

n—*oo ij 
'^n 

Assume fhaf (2) is frue. Owing fo (14.151) . inequalify (14.61) can be wriffen as 

U„(z) < CiAi)-^ < CiAlX^ for z € C and n € N. 
Hence we infer from elliptic regularify and Corollary 13. 5l fhaf 

(aI)^U n (^aI ■ +xi'j w in C"(R^) for some a e (0,1) 


(4.15) 


(4.16) 


and 


t/„(z) < C(T')-^1T 


z-ixi, 0 ) ixi-x‘„, 0 ) 


A‘ 


+ 


(4.17) 


for all z e B+‘^'((x',0),do/2) and large n € N. Since lim„^oo Ixj^ - x‘J/A‘„ = oo holds because of 
(12.231) . if we lake z = {x{, 0) in inequalify (14.171) and use (14.161) . (hen we gef 


/ N~2s i ; N~2s 

C{Ai)-— < Unixi) < CiA‘J-—w 


4 - ' 

V . 


= 0(1) • (4)-^ 


provided n € N large. However, (his is absurd as (14.151) holds, and so (2) does nof hold eifher. 

Summing up, every possible case is excluded if (wo blow-up poinfs (end fo (he same poinf. 
Accordingly, (14.1 II) has (he validify. □ 


In (he following lemma, we sfudy (he behavior of solufions fo (11.11) oufside (he blow-up 
poinfs {xq, • • • , xf^]. We sef 

m 

= G \ B^{Xq, r) for any r > 0. (4.18) 

i=l 

Lemma 4.4. Suppose that {Un}neN A a family of solutions for (12.51) with e = e„ satisfying the 
asymptotic behavior (14.101) . Then for any small r > 0, we have u„{x) = 0({A’f)^z ^) uniformly for 

X € Ay. 


Proof Lef an - u^ ^ so fhaf d'lU„ = a„n„ in O x (0). Then we see from (11.41) fhaf 

'■ m \ 


LT, (Ar/4) 


Therefore we can proceed (he Moser iferafion argumenf (o gef ||a„||z,9(A,./2) = o(l) for some y > 
and if furfher leads (o ||n„||Loo(^ ^ - o{\) (see Section 3 in 1251). 

Assume fhaf r € (0, min{do, do/2)) where do > 0 and do are (he numbers picked up in Corollary 
I3.5l and Lemma 1431 respectively. Then (he argumenf used fo derive (14.61) wifh Lemma l43] deduces 

Unix, t) < C{A\) ~ for \x - XqI < r and t > 0 
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SO that Corollary [33] implies 


, JV-2s X - X‘ 

A„ 


< C(A‘J 2 for - < |;c - ;Cq| < r 


where / = 1, • • • , wi. By Green’s representation formula, one may write 


f ' 

JAr/2 


Unix)= G{x,y)u‘„ "{y)dy + 


m /s 

y f 

^ Jb^Cx' 


r/2) 


G{x,y)u‘„ "{y)dy. 


If we set b„ = \\un\\u^{Ar)^ then we observe with assumption (12.231) that 

r G{x, y) dy < C f G(x, y) + maxf^, • • • , dy 

JArj2 dAr/2 ^ 

< c{br^" + 

for any x € A^. Besides, Corollary [33] and Lemma [4A] give us that 


f 

Jb^(x‘. 


B^ixl^,r/2) 


G{x,y)u‘n '’{y)dy<C 


f 

JB^ix'^ 

<c f 

Jb^Ix' 


B^(x-„,r/2) 


K "{y)dy 




< c(4)^ 


for all X e Ay and each i = 1, • • • ,>n. Hence, by combining (14.191) and (14.201) . we get 

bn<c(br'' 


(4.19) 


(4.20) 


Since we have p - e,, > 1 and bn - o(l), the above inequality implies that bn < C{A^)-^. The 
lemma is proved. □ 

We prove the compatibility of the blow-up rates [A^, ■ ■ ■ , /IJf). 


Lemma 4.5. There exists a constant Cq > 0 independent o/n € N such that 


A' 

-j<Co 

Ai 


for any 1 < i, j < m. 


Proof. As in (14.141) . it can be verified that Unix) > C(/l[,)” 2 ^' in lJ™^j B^{x^,r) for each i = 
1, • • • ,ni. As a matter of fact, it is possible to substitute xff and A'f in (14.141) with aJ, and dj,, 
respectively. 

On the other hand, we know from Lemma [4Al that m„(a) < C{An)^^ for a € B^{xQ,r) \ 
B'^(Ag, r/2). Thus we have (4],)^^ < C(/1 „)t^ for any 1 < i, j < m. The proof is done. □ 


N-2s 

As in the statement of Theorem 1 1.11 we set bi - lim„_>oo j e (0, oo) for any i = I, - ■ ■ ,m. 

Lemma 4.6. Suppose that {Un}neN A a sequence of solutions to equation (12.51) with e = €„ which 
admit the asymptotic behavior (14.101) . Then it holds 


lim(/l/,) ^2 Un{x,t)-c\ 

n—^oo 


m 

^ bi Gciix, t), Aq) 
1=1 


in C^\C' \ {(Aq, 0), • • • , (Aq , 0))). Furthermore, we have 


(4.21) 
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for I < k <2 and 


lim t) = c, y bi t‘-^^divlGc{{x, t), x[) (4.23) 

n—*oo / 4 

/=1 


for any pair (k, 1) such that 0<k<\, \ <l<2 and 1 < k + I <2in C°(C' \ {(jCq, 0), • • • , (x^, 0))). 


I ^ z. m K. > ^ 

We remind that C' = Q.X [0, oo) and ci = wP{x) dx > 0. 

Proof Take any r > 0 small for which Lemma l4^ holds. We are concerned with the values of 


Un{z) for z € A'l. := C' \ U™ ^((Yq, 0), r). Let us look at 


£ 




Gciz, y) u^ (y) dy+Y Gc(z, y) u^ (y) dy. 

'Ar /2 ^ Jb"(x'. r/2) 


Un{z) = 

Then by the previous lemma we have 

{Alr^ f Gc{z,y)ur"''{y)dy<C{Al)-^{X:)'^^P-^"'^ f Gc(z,y)dy ^ o(l). 


(4.24) 


Let us decompose 


r Gciz,y)uZ ^''{y)dy 

JB'V(4,r/2) 


- Gciz 


,Xq) ( u‘’ ^"iy)dy + 


f (Gciz, y) - Gciz, Xg)) ul ^fy) dy 


for each / € {1, • • • , m}. Since 

iA‘„)^u„ [A'^y + x’£j wiy) weakly in 

according to Corollary [33] and the Lebesgue dominated convergence theorem, we get 


X 


iK)-- 

Also, employing the mean value theorem, we calculate 


Un "iy)dy^bi wPiy)dy. 


1 A^-2.y r 

in)- — 

JB'^(x'g,r 

£ 


B'^(x-g,r/2) 


(Gciz, y) - Gciz, xA) ‘"“(y) dy 


Jra 


< i4r 


< CiA^„r—r 


sup \\VyGciz,ay + (1 - a)Ao)|| • \y - Xq\ < ^"iy)dy 


B^{x‘g,rl2) zeA',aE(0,l) 

\y - XqI' U^~^"iy)dy 


< Cbjr 


l-s 


Jb>^(x‘„ 

">1X 


B>^ixi„3r/4) 

\yfwPiy)dy + o(l)j + \x‘„ - Xq\^ 


wPiy)dy + oi\) 


= Oil). 


Therefore, combining all the computations, we see that (I4.21I) holds uniformly for z = (x, t) € A'.. 
Since r > 0 is arbitrary, it follows that (I4.21I) is valid in C*’(C' \ {(Aq, 0), • • • , (y™, 0))). 

In order to show (I4.22I) and (I4.23I) . we need some results on elliptic regularity. The proof is 
deferred to Appendix iBl □ 

Remark 4.7. For the future use, we rewrite (I4.21I) as 

lim (Al)-^ Unix, t) - -- , + Tiix, t) 

\ix - x'q, t)U-Z-^ 


(4.25) 
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for {x, t) €C' \ {(;rQ, 0), • • • , , 0)) and 1 < i < m. Here C 3 := > 0 and 7~i is a map defined 

by 


Ti{x, t) ^ -cibiHc{{x, t), x‘q) + Cl ^ hGciix, t), x^). (4.26) 


ki^i 

If r e (0, do/2) where do > 0 is set in Lemma 1431 then (12.101) and (12.111) imply that the functions 
Ti, IP and z • VT)- are ^'-harmonic in 0), r) for all 1 < / < ni and \ < j <N, i.e., 


div(d-2"VT;) = div(d-2w 

— 

dx 


(^)) " ^ 0 in 0 ), r), 


KTi = dy\^\ = Kiz-^Ti) = 0 


on r) 


(4.27) 


holds. 


5. Proof of Main Theorems for the Spectral Fractional Laplacians 


This section is devoted to the proof of our main theorems. To get the desired results, we will 
derive two identities regarding blow-up points and rates by exploiting a type of Green’s identity. 
For notational simplicity, we use z - Xg to denote (x- Xq, t) throughout the section. 

As before, let {t7„}„6N be a sequence of solutions to (12.51) with e = of the form (14.101) . We 
remind from (12.51) that is a solution of the problem 


|div(ti-2Wf/„) = 0 inC, 

= f/r"" on Q X (0). ^ ■ ’ 

By the translation and scaling invariance of (15.11) . the functions V = ^ and V - {z- Xg) • Vt7„ - 1 - 
(for each 1 < / < ni and 1 < 7 < A) satisfy the equation 

|div(ti-2WF) - 0 inC, 

\dlV = {p - en)Ur'~"''V onOxlOj. 


Lemma 5,1. Assume that a function V € t^ satisfies (15.21) . Then for any point y € D., 

the following identity 


I 


J-2i 


diBfi'iiyMr) 


dv 


dV 

V-^Ur 

dv 


dS^^ip 


-i-c«) r 

Jb 


U!, ""Vdx 


BN{ij,r) 


(5.3) 


holds for any r € ( 0 , dist(i/, dTl)). 


Proof Multiplying the first equation of (15.11) by V and that of (15.21) by Un, and then integrating 
the results over B^^^{{y, 0 ), r), we obtain 

A-2sidUn,, dV^ 


L 


V 




dv 


■F- 


^U,]dS, = - f 

dv I Jb 


{dtUn-V-diV -Unldx 


B^(y,r) 

^ (p -1 - c„) r 

Jb 


""Vdx. 


B^{y,r) 

Here the second equality comes from the second equations of (15.11) and (15.21) . This proves (15.31) . 

□ 


Based on the previous identity, we now deduce two kinds of information on the concentration 
points and rates. 

Lemma 5.2. For any I < i < m and 1 < j < N, we have ^ixQ,0) = Ofor Fli defined in (14.261) . 
or equivalently, 

dH I I Sr , dG 
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Proof. Fix any / e {1, • • • , m). Taking V = ^ and y - xL in (15.31) . we have 


I, 


t 


l-2s 


- 1 -en) f 

Jb'' 


dU„ dUn 


dv dx 


j 


d ldU„\ 

dv \ dxj) 


Un 


dS, 


= {p 

By Lemmas [4.1114.41 and l4.5[ 


ur'-^dx = ^^ ^ 


dxj 


P + 


—]f 

1 - / Jbj 


(5.5) 


c/: 


p+l-£„ 


vidS, 


dB^(xLr) 


(^l)-(A-2.) 

' )dB>^(x'g,r) 

Hence we see from (15.51) and (15.61) that 


r 




VfdS^ 




K-(A-2i) 


0{{4f- 


lim (AJ 

n—>oo 


U-(N-2^) 


i 


A-2s 




dUn dUn _ l_ ^ 


dv dx i dv \ dx 


’) = o(l). 


dS^ = 0. 


(5.6) 


(5.7) 


Using (14.251) . we evaluate the left-hand side of (15.71) as follows: 


lim(T^-(^-2^) r 

n-^oo 


t 


l-2i 




dv dxj dv \ dxj 


Un 


dS, 


,_^J{N-2s)c^bi dTi 




^{Z) 


\Z - Qv 


(N - 2s)c-ibi{x -x‘f)j dTj 

o V^'/ 

dxi 


\z - x|,r-2^+2 


+ t 


\-2s 


(N - 2s)c^bi{x - xj ,)j dTi 


At 

I k - x'|^- 2''+2 


dxj 


c^bi 


\z - xi,|^- 2 ^ 


+ Ti{z)\dS 


L 


J-2s 


dyB^Aix-M k - 


(N - 2s)c3bi dTi^ ^ (N- 2s)c3bi{x - xl)j dTi, , 

(Z)-^- TTZ-TT -T-(Z) 


k - x',r-2-*+2 


dv 


^d ((A^ - 2s)c3bi{x - x’g)j 


I k - xi,|^“2i+2 


Ti(z) 


dS, 


X 

X 




2s 


idTi\ 

c^bi 


dv 

[dxjj 

|Z-X[)|^-2U 


dS, 




dS, 


dv dxj dv \ dxj) ' 

'■= h + h + 73- 

Let us compute each of the terms I\, T and I 3 . Firstly, (14.271) yields that 






dTi\ 


Kri-\^\-di\^\-Ti 


dxji 


dTi 


dx, 


Also, according to estimates (12.121) and (12.131) . we have 

< lim ( 

'•^0 J, 

< C lim 


lim l/ol < lim 

r->0 r-tO 


r 


idTi\ 

c^bi 

JBjBT'ax'ofiXr) 

dv 

[dxjj 

\z - XQ|^“2i 


dx = 0. 


dS, 


(5.8) 


lim r 

'■^0 Jd, 


(A-2.S , i-v 

aS^ < Clirn(r - 1 - - 0. 


diBT\TM \z - xi.!^ 2i 


(5.9) 


r-^O 


Therefore we only need to compute limr^o 7i. By homogeneity, its first term is calculated to be 

,_2, {N - 2s)c3bi 57)- 


-lim r 
>-^oL 


ddT'HPM k - bxj 


(z)dS, 


&T 

= --^(xj), 0) • (A - 2s)c3b, 


'X 


H-2.S 


d,BT\o,i) kr 


dS,. 
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For the second term, one can deduce 


- lim 
r^O. 


r dTj 


Iz - ;c|)r- 2^+2 


= -(N - 2 s)c 3 bi ■ lim j 


2j —^ 


L;B'J'+‘((4,0),Q ^ k - dxk 


&T r 

- -^(;Cq,0) • {N - 2s)c3bi I 

bXj Jd,i 


jl-2i^2 


UXj 1r-'(0,1) 

because the mean value formula with (12.121) and (12.131) imply 
- x^^dx - x')k IdTi _ dTi, i \ „(1 + 


\x- x'^)j{x- x‘^)k IdTi 


■a)-g(40) 


(1 + t^-^Ok - ^ l+fl-2^ 


k - 2i+3 |2 _ 2i 


1- --ui V - - / i~ -x 

for 1 < j, k < N + I so that the value of its integration over the half-sphere 5 /S^'''^((Aq, 0), 
bounded by C(r -i- (see (15.91 )). Finally, by direct computation, we discover 


r) is 


H-2. d iN-2s)c3biix-xi,)j 


lim r 

'■-^0 Jdi 

-{N- 2 sXN- 2 s+l)c 3 bi\im f 

cfT r 

-^{x'o, 0) • (iV - 2s){N -2s + l)c^bi 

OXj Jdji 




where we used Ti{x, 0) = Ti{x‘^, 
Thus (15.71) is reduced to 


:^, 0) -F (.r - x‘^) ■ '^xTi{x‘^, 0) -F 0 (\x - x^ 


-^ixL 




I 


A-2s 


, dS, + (N-2s + 2) 

JdyBT‘(0,l) kl" 

OfJ- 

Therefore ^(Xq, 0) = 0, proving the lemma. 

Remark 5.3. It is shown in |[25l Section 4] that 


I 


to find the second equality. 

I-2i^2 


t ^^X^j 


dS; 




= 0 . 


I 


^1-25’ 


Uiirho,!) " 


.c ^ 

dS y = —-—B 1 - 5, — 


(5.10) 


and 


I 


fl“2.Sy2 IvA'-h 




where B is the Beta function. 

Lemma 5.4. For each \ < i < mwe have 


■ s. 


N + 2 


— r 

2 s + 2 Jg^ 


A-ls 


N - 2s + 2 Jg,sSO( 0 ,l) kr-2^+1 


dSy 


bfH(x'o,x-o) -J^bibkG(x‘o,x^o) - ^bo (5.11) 

where C 2 > 0 in (11.61) and bo - lim„_^oo(/l^)“^^“^^^e„. 

Proof. Fix / € {1, • • • , m). Taking V - Vn = {z - x'^) ■ U„ + ) Un and y - x'^rn (15.31) . we 

find 


/r,lim(4)«) r 

Jdii 


.I-2i 


Jd,BT\T^m) 

= - l - 

n—^oo 


dUny _dVlu 

OV OV 


dS, 


i-e„) r 

jRA-fx-.r) 


Un ^"Vndx 


(5.12) 
































24 


WOOCHEOL CHOI AND SEUNGHYEOK KIM 


where v„ = trlfjxioi'^M- To evaluate the left-hand side of (15.121) . we observe from (14.251) that 




N - 2s\ c^bi 


2 i\z- 


+ (z - 4) • WTiiz) + 


N-2s 


Tiiz) 


for z = (x, t) €C' \ {(aL 0), • • • , {xf!!, 0)). Thus we get 


iim(4)-(^-2.) r 

Jd, 

-i 

-L 


l-2i 


t 

i-2i - '^s)c^b 


dS, 


H- 2 . d 

sr‘((^i,,o),r) k - 




^|a-4,).v7: + 


dU„ dVn.. 

^ r, 

ov ov 

^-^{iz-x[,)-WTi + iN-2s)Ti)dS, 

{{z-xl^)-VTi + {N-2s)Ti)dS, 
N-2s] 


Ti—\{z-x‘^)-WTi + 


2 

N-2s 


Ti 


dS, 


:— 7i -t 72 + 73 . 


As the previous proof, let us estimate each of J\, J 2 and 73 . As demonstrated in (15.81) . we have 
73 = 0. Besides (12.121) and (12.131) lead us to derive 

f + 1) 

Ud,. 


lim|72|<Clim 
^^0 r^O J5;B"+i((;d,0),r) k “ -^nl 


i |A-2i ^ 

0 


dS, - 0. 


Lastly, since 


we have 


[(z - 4) • VTKz) + (N- 2s)Ti{z4 2^)T;(a', 0), 


lim 7i = -c^biiN - 2s)^ 


r^O 


i 


4-2i 


a,B2^'(o.i) kl 


N-2s 


—ds,mx‘,,o). 


As a result, after the limit r ^ 0 being taken, the left-hand side of (15.121) becomes 


c\C2Ks{N -2 sy 


I 


ti.sr'co.!) kr-2^"' ^ 


bjHciixQ, 0 ), Xq) - ^ bibkGciixQ, 0 ), x^) 


Hi 


. (5.13) 


Meanwhile, using integration by parts, we deduce that 

2s 


i 




P + 


(X - An) • VjcU„ + 


P - 1 


dx 


— f 

1 ~ JB 


B^{!d,r) 


(x - Ag) • dx + - ^ - r 

p-l-en Jb 


^"dx 


B^{x°,r) 


p + 

Note that 


and 


— f 

1 - Cn JdB^(x° 


dB^ix°,r) 


(a - Aq) • dS X + 


2s 


1 - Cj! / JB ^( x °, r ) 


2s 


N 


p-l-en P + 

{N-2s)e„ {N-2syen 


^"dx. 


p - I - e„ p + I - €„ ( _ 5 ) (JiL _e ) 

^ ^ ” \n-2s ^«AA-2i 


SNs 


( 1 + 0 ( 1 )) 


r (a - a' ) • vnr'"" dSx = 0((A;,f} . 

JdB^(jfi,r) 
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Hence the right-hand side of (15.121) equals to 

(d^)-<^-^^)e„(l + o(l))- f w^^^dx + 0((Alf^). (5.14) 

2N jRiv ^ ^ 

From (15.121) . (15.131) . (15.141) and (15.101) . we get 


^ r = Z72//c(( 4,0),4)-y/AGc((^,0),4) 

A' Jr" \ 2 

f Jx] b^H{xQ, Xg) - y bibkG{x'g, x^) 

Jr" / [ 


N-2s 

This completes the proof. 


We are now prepared to complete the proof of our main theorems. 


Proof of Theorem [77/] Assume that sup„gj^ ||m„||-^ < oo. Then, if we let Un be the i'-harmonic 
extension of over the half-cylinder C = x (0, oo), we have sup^gj^ ||[/„||^i, 2 ^^.^i_ 2 s) < oo by 
inequality (12.61) . Thus we can apply Lemma 12^ to the sequence {(7n}neN to deduce the existence 
of an integer m e N U {0} and sequences of positive numbers and points {(TJ,, xj,)}„gi^ c (0, oo) x O 
for each i = 1, • • • ,m such that relation (12.221) holds (in paiTicular TJ, ^ 0) and 




=1 


To + y PW., . ^ 0 in //y(C; 


as n 


(5.15) 


12 19 

along a subsequence. Here Vq is the weak limit of U„ in Hg’ (C;t ), which is a solution to 
(12.211) . and PWj, y is the projected bubble whose definition can be found in (12.181) . 

We now split the problem into two cases. 

Case 1 (m = 0). By (12.31) and the sttong maximum principle, vo(x) - Vo(x, 0) for x e Q satisfies 
equation (11.31) . In addition, by (15.151) . it holds that 


lim \\u„ - v\\^ ^ lim ||f7„ - Fo|Li, 2 .^ = 0. 

This case corresponds to the first alternative (1) of Theorem ll.il 

Case 2 {m > 1). Thanks to Lemma 14.21 we have To = 0 in this situation. Hence (15.151) and 
discussion in Subsection 12.51 give decomposition (11.41) as well as xj, —> Xq € O. Also, by Lemmas 
I4.3l and l431 there are constants do, Cq > 0 independent of n e N such that 

|xq - XqI > do and -A < Co for any I < i j < m. 

Ai 

N-2s 

Thus we may set a positive value bi = lim„^oo j for each 1 < / < m. Furthermore, Lemmas 

[52]and[531imply that {{bi,- ■ ■ , b^), (x^, • • • , x'”)) c (0, oo)'” X Q!” is a critical point of the function 
Om introduced in (11.51) . We have proved that the case m > 1 corresponds to the second alternative 
(2) in Theorem 1 1.11 The proof is finished. □ 


Proof of Theorem [731 The fact that M is a nonnegative matrix can be shown as in Appendix A of 
a, so we left it to the reader. 

Suppose that M is nondegenerate. Since the left-hand side of (15.111) is finite, it should hold that 
bo € [0, oo). To the contrary, let us assume that bo = 0. Then we see 

biHiXg, Xg) - y bjG(Xg, Xq) = 0 
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for each 1 < / < m. It means that h - {b\, - ■ ■ , bm) is a nonzero vector such that Mb = 0. However 
this is nonsense because the nondegeneracy condition of M tells us that b = 0. Hence bo 0 
should be true, and thus 


lim log, 4 = lim log^ 




+ 0 ( 1 ) 


bN^s 


+ 0 ( 1 ) 


1 

N-ls' 


The proof is now complete. 


□ 


6. The Restricted Fractional Laplacian and the Classical Laplacian 

6.1. Proof of Theorems ll.ll and ll.3l for the Restricted Fractional Laplacian. Here we briefly 
mention how the proof for the main theorems 11.11 and 11.31 can be carried out for the restricted 
fractional Laplacian. 

First of all, as mentioned before, the Struwe’s concentration-compactness principle type result 
(Step 1 in Introduction) can be obtained as in l|2l|32]|48l. Besides the moving plain argument in 
Section[3](corresponding to Step 2) is local in nature, so the same proof as in Section|3]works. For 
Section |4j one can check each lemma remains valid even if (12.51) is replaced with (12.71) . Finally, 
we notice that Lemmas [521 and [53] were obtained from the information on the solutions {Un}nen to 
(12.51) over the half-balls {B^‘''^((Aq, 0), r))-” j- Therefore the same argument goes through for (12.71) . 
completing Step 3. Theorems II. H and [1.3 1 for the restricted fractional Laplacians now follow. 

6.2. Proof of Theorem [Bl To validate Theorem[Bl we follow the strategy used to prove Theorems 
II. 1 1 and [T3] for nonlocal problems. 

The representation formula (11.91 ) of finite energy solutions to (11.81) is due to Struwe |[59l 

(Step 1). Also, as in |[26l Appendix A], a moving sphere argument can be applied to deduce a 
pointwise upper bound of u„. It implies Lemmas 14.2114.31 and 14.51 for the local case, which are 
originally given in |[55]l . It can be easily seen that Lemma [ATl remains true, and the local versions 
of Lemmas [4.41 and [T6] are found in |[26l Section 2], whence Step 2 is finished. Regarding Lemma 
[531 we have 

1 2 

Lemma 6.1. Suppose that a function v € H^’ (Q.) satisfies 

-Av = (p - e,i) u^ ^ in fl. 

Then for any point y e Q, the following identity 

C* / d d \ f* 

I [-^v --^u\dSX = {p - I - €„) I u^n^^"vdx (6.1) 

JdBN{y,r)\dV OV j JB^(y,r) 

holds for any r e (0, dist(i/, dQ)). 

By taking u = Un and v = ^ for j - 1, • • • ,N or v = {x - x‘q) ■ Un for i = 1, • • • , m 

in (16.11) . we get Lemmas [5.21 and [531 where the constants ci and C 2 are given by (11.61) with 5=1. 
Thus Step 3 is done. Putting all the results together, we complete the proof of Theorem [Bl 

Appendix A. Lower and Upper Estimates of the Standard Bubble in 

Here we shall prove a decay estimate of Wap, which is necessary in applying the moving sphere 
argument (see Section [3]). 

Lemma A.l. Then for any p > 0 there exists R - R{p) > 1 50 large that 

^ for all jzj > R (A.l) 

where > 0 is the constant defined in Notations. 
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Proof. Since WAfliz) - A~^^W{A~^z), we may assume that A = 1. Let us prove the lower estimate 
first. Taking a small number 5 > 0 to be determined later, we consider two exclusive cases: (1) 
|x| > 6\t\ and (2) |x| < 6\t\. 

For the case (1), we see from Green’s representation formula, (12.91) and (12.141) that 

n r 1 1 

W{x,t)>a‘^ jN.s tMN-2s 

J\ij\<6\x[ K-^ ?/>OI (1 + \y\^) 2 

1 n r 1 , 


> 


i((i+d)x,t)r-2^ 

1 

(1 + 

1 


> 


Jlu 


\y\<S\x\ (1 + \y\2-) 2 


^N,JN,s 


f 

Jr^ 


1 


(A.2) 


(1 + lyP)^ 


-dy-o(l) 


(1 + 6)^-^^l(x, 01^-2. 

where o(l) ^ 0 as |z| = \{x, 01 ^ “■ 

For the case (2), we have 


W(x, 0 > crlj jN.s 


f 

Jil/i: 


(ajv,s - o(l)) 


1 


1 


-dy 


> 


> 


\ij\<6\t\ \{x-y,t)\^ 2 . 

1 p r _ 1 

(1 + 2d)^-20tr-2^ I,n ^ l„| 2 ' ^ 

1 


\ij\<m (1 + |i/|2)— 


dy 


(A.3) 


(Un.s - o(1)) 


(1 + 26)^-^%x, 01^-2^ 
where o(l) ^ 0 as |z| = \{x, t)\ oo. 

Hence if we choose d > 0 small and /? > 0 large so that 


1 


rj I 1\ 

> 1 - - and - o(l) ^ 1 ^ “ 2/ 


(1 +2d)^-2^ 

we obtain the desired estimate from (IA.2I) and (IA.3I) . 

We turn to prove the upper estimate. Again, we take into account the cases (1) \x\ > d|t| and (2) 
\x\ < d|f| separately. 

For the case (1), we estimate 




/ 

J\u\ 


1 


1 


-dy< 


(XN,s 


< 


1 


(XN,i 


and 




\yl<6\x\ l(^ - y, Or-2^ (1 + \y\2)^ ~ l((l - 5)^, “ (1 - d)^-2^ |(x, 0^“^^ 

1 1 


■J 




< 


\y\>6\x\ \{x-y,tT 2^(1 + y 2 )^ 

1 


-dy 


f 

J2|xl>lwl>5W J\uk 

L 


1 


2\x\>\y\>6\x\ J\y\>mj \{x - y, t)f 2i 

1 1 . r 1 


dy 


a 


N,s 


2\x\>\y\>S\x\ \X - y\^ 2^ (d|A|)^+2i 


dy + 


f 

dlyl; 


\y\>2\A l^r 1(1 + \y\^)^ 


-dy\ 


‘■N.s 


- - (52(A+U|(;c,Or’ 

where or^ ^ > 0 is a certain constant relying only on N and s. Observe that the last inequality came 

from |(x, 01 < Vl + S~^\x\ < V2d~'|x| for d > 0 small enough. Combining the above estimates, 
we get 


W{x, 0 < 


1 


OiNi 


2N/2 


a 


+ 


N.s 


(1 - d)^-2^ \{X, 01^-2" d2(^+9|(;c, t)\^ ■ 


(A.4) 
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For the case (2), we have 

Consequently, with the choices 


2^ 


dy = 


0!N,i 


(i + IsP)"?^ Kl"- 


-2s 


< (1 + 5) 


N-2s ^N,s 


\ix, t)\ 


N-2s' 


(A.5) 


1 77 

-—— < 1 + - and 

(1 - 2 




N,s ^ d 


g2(N+s)j^N 2 ’ 

estimates (IA.4I) and (IA.5I) imply the second inequality of the lemma. The proof is completed. □ 


Appendix B. Elliptic Regularity Results and Derivation of (14.221) and (14.231) 


This section is devoted to present some elliptic regularity results and its application to justifica¬ 
tion of (14.221) and (14.231) . For brevity, we denote 

Qr = 0), r) and Br - B^{x, r) for any fixed x € D, 0 < r < disf(x, 80)12. 

Also di = dxj for 1 < / < A. 

We need fo recall fwo lemmas which can be proved wifh Moser’s iferafion mefhod. One is an a 
priori L°°-eslimale. See e.g. Il25l Lemma 3.8], |[35l Theorem 3.4] and ll^ Proposifions 2.3, 2.6]. 


Lemma B.l. Let U € be a weak solution to 


|div(fi-2 Wf/) - 0 in Q 2 r, 
\^dyU = all + f on B 2 r 


and assume that ||a|| n < 5 for a small value 6 = 6{N, s) > 0. If f € Ld{Br)for some q > 

LTs{B2r) 

and 9 € (0,1), then we have 


n 

2s 


for some C = C{N, s, r, 6) > 0. 


The ofher is a resulf on Holder esfimafes. Refer fo |[39l Proposition 2.6] and ifT^ Lemma 4.5]. 
Lemma B.2. Let U e HQ^{Q 2 r', be a weak solution to 

|div(tl-2W[/) - 0 in Q 2 r, 

\dlU ^ f on B 2 r, 

and 6 € ( 0 , 1). 

(1) 2f f £ L‘^{Br)for some q > ^, then for some a e (0,1) we have 

ll^llc“(Qflr) - C (ll^^llL^Cgr) + 11/111.7(5,)) ■ 

(2) If f € C^{Br) for some /? e (0,1), then there exists a € (0,1) such that 

< c(||t/||5~(e,) + ll/llcAA))- 

Now we are ready fo prove fhe main resulf of fhis section. 

Proposition B.3. Let I < q < Suppose that U e II^’^{Q 2 r', is a positive solution of 

|div(f‘“^Wf7) ^ 0 in Q 2 r, 

[d^yU - U‘1 on B 2 r. ^ ■ ’ 

Assume that f 0) dx < 6 for some small value 5 = 6{N, s) > 0. Then U{x, t) is twice 

JD2r 

differentiable in the x-variable in 2^/2- Moreover, the following estimates hold: 
l|Vxf^llc“(e,/2) ^ c(l -F 1117^ l|f7||L<=o(Q,), 
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< c(iit/iiL»(e,) + \m\cHB,;), 

/or some a € (0,1). 

Proof. By Propositions 2.13 and 2.19 of |[39]l . any positive solution U to (IB.Ill is twice differen¬ 
tiable in A and it holds that 

- 0 in Qr, 

\d^fdiU) = qm-^diU on B, 


(B.2) 


and 


(B.3) 


ldiv(/-^W5;5^f/) = 0 ine„ 

\dl{didjU) = qm-^didjU + q{q - l)m-^{diU){djU) on B, 
for any 1 < i, j < N. 

Let us prove validity of the estimates. Applying Lemma I bTT] to equations (IB. II) and (IB. 21) . we 
get 


r t^-^^VdiUfdz < C 

^ Q^r/S 


f < C f < C||f/||2 

jQ5r/6 JQr 


(B.4) 


Using this chain of inequalities and Lemma IBU] once more, we find 


worn 


t-“’(G 3 r/ 4 ) 


<C f < C||[/||2 

jQArH 


Hence Lemma lB^ dl gives the first inequality of Proposition IB. 31 

l|5;4/|lc“{e,/2) ^ C {^\diU\\u->{Qi^n) + diUWu-^BiriA)) ^ ^(1 -F ||U^“'||L”(Bu)ll^llL”(Gr)- 
Next, by employing Lemma |B^ (21. we obtain the second inequality, i.e., 

< c (||t/||L»(eQ + m\c^Bq) ■ 

Besides, an application of Lemma I bTT] to (IB. 31) as well as inequality (IB.41) imply that 


%djU\\L-(Q,^iA)<c{ f +C\\W-\diU){djU)\\L^(B,,,) 

ydQArji ) 

< c(l|U||L~(e,) + \\W-\diU){djU)\\L-(Bq). 

Therefore Lemma lB^ fll shows 

\\didjU\\c-^(Q,i,) < c(||5;5yU||L»(Q3,/,) + WW-^didjUWL’^^^B,,!,) + \\U‘>-\diU){djU)\\L’^^B,,^,) 

< c(l|t/||L»(a.) + \\m-\diU){djU)\\L<^^Bq) 

+ C\\m-\\L«(B,.) (I|t/||L»(G,-) + r\diU){djU)\\L«(B,.)) , 

which is the third inequality of Proposition IB. 31 On the other hand, by employing Lemma lB^ f21 
to (IB.21) again, we deduce the fourth inequality 

^ c(^\diU\\L«iQq + \\U‘i-^dmL-iBq)- 

Finally, the last inequality follows from the fact that 

- -(1 - 2s)t^-^^dtU - in Qir- 

This completes the proof. □ 

As a corollary of the above result, we get 


115, 
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Corollary B.4. Let {Lf„}neN sequence of solutions of (12.51) with e = e„. For any r > 0, let 
A'l- = C' \ U“ r). Then there exists a e (0,1) and a constant C > 0 independent of 

H € N such that 




k=\ 


+ y 

C“(A') 0<I:<l,l</<2, 

l<i:+/<2 




< C 


C“(A;) 


for any ?i € N large enough. 


(K) < 


Proof Fix any compact subset K cz A'^ such that K O Q. Q. By (14.211) . we have ||t/„||z,» 

(cf. Lemma |4~4]) . Since Green’s function Gc is positive in C, again (14.211) tells us that 
the value inf 26 if(/l^) 2 ^ U„{z) is bounded away from zero for large n e N. Thus even in the case 
that p-2- Cn = TT^ - e„ <0 (i.e. N > 6), we know 




211 < 

L”(S,.) - 


As a consequence, 




k=\ 

The proof is finished. 


CAK) 






0<k<\,\<l<2, 

\<k+l<2 


Derivation of (14.221) and (14.231) . Consider the sequence {Vjtf7„}„gN- By Corollary IB.41 it con¬ 
verges to some function F uniformly over a compact subset of A'. Then (14.211) and an elementary 
analysis fact imply that F = ci Y!JL \ '^xGciix, t), x'f). The other functions can be treated simi¬ 
larly. This proves (14.221) and (14.231) . □ 
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